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In this Letter, we develop a simple method for the reconstruction of the string-inspired dark energy
model with the Lagrangian L = −V (φ)√1− α′∇μφ∇μφ + β ′φφ given by Cai et al., which may allow
the equation-of-state parameter cross the cosmological constant boundary (w = −1). We reconstruct this
model in the light of three forms of parametrization for dynamical dark energy.
© 2008 Elsevier B.V. Open access under CC BY license.1. Introduction
A number of recent cosmological data, including supernovae
(SN) Ia [1], large-scale structure (LSS) [2], and cosmic microwave
background (CMB) anisotropy [3], have provided strong evidences
for a spatially ﬂat and accelerated expanding universe at the
present time. In the context of Friedmann–Robertson–Walker
(FRW) cosmology, this acceleration is attributed to the domination
of a mysterious component, dubbed dark energy (DE). Although
a model of cosmological constant is consistent with the observa-
tions, it suffers serious diﬃculties, for example, the present value
of the cosmological constant Λ is 10123 times smaller than that
predicted by particle physics on condition that the UV cutoff is
at Planck scale, which is the so-called coincidence problem [4].
Hence, as a possible solution to these problems various dynamical
models of DE have been proposed.
Up to now, a large number of scalar-ﬁeld dark energy mod-
els has been proposed, such as quintessence [5], K-essence [6],
tachyon [7], phantom [8], quintom [9] and ghost condensate [10].
The analysis of the observational data of type Ia supernova, mainly
the 157 “gold” data listed in [1], shows that the equation-of-state
(EoS) of dark energy w is likely to cross the cosmological constant
boundary −1. Nevertheless, the dark energy models with a sin-
gle scalar ﬁeld with a Lagrangian of form L= L(φ, ∂μφ∂μφ) such
as quintessence and phantom only allow w to be either larger or
smaller than −1, according to the “no-go” theorem [11] (also see a
complete proof in Ref. [12]). This is why a class of dynamical mod-
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Open access under CC BY license.els dubbed quintom has to require two ﬁelds in order to permit
EoS across −1. The recent investigation of quintom model and its
possible applications in cosmology can be found in [13].
In this Letter, we will discuss a string-inspired quintom model
of dark energy proposed in Ref. [14], of which the action is given
by
S =
∫
d4x
√−g [−V (φ)√1− α′∇μφ∇μφ + β ′φφ ]. (1)
The signature (+,−,−,−) is used in this Letter. This model gen-
eralizes the usual “Born–Infeld-type” action for the effective de-
scription of tachyon dynamics by adding a term φφ to the usual
∇μφ∇μφ in the square root. V (φ) is a potential of scalar ﬁeld φ
with dimension of [mass]4.
In a ﬂat FRW spacetime, from the variation of the action (1)
with respect to φ, we obtain the equations of motion of the ho-
mogenous scalar φ,
φ¨ + 3Hφ˙ = βV
2φ
4M4ψ2
− M
4
βφ
+ α
β
φ˙2, (2)
ψ¨ + 3Hψ˙ = (2α + β)
(
M4ψ
β2φ2
− V
2
4M4ψ
)
− (2α − β) αψ
β2φ2
φ˙2 − 2α
βφ
φ˙ψ˙ − βV φ
2M4ψ
Vφ, (3)
where we have deﬁned the new variables ψ and f to simplify the
calculations,
ψ ≡ ∂L
∂φ = −
V βφ
2M4 f
, (4)
f =
√
1− α′∇μφ∇μφ + β ′φφ. (5)
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dimensionless parameters, and M an energy scale used to make
the “kinetic energy terms” dimensionless. And the variation of the
action (1) with respect to gμν gives the density and the pressure
of dark energy:
ρ = V f + d
a3dt
(
a3ψφ˙
)+ αV
M4 f
φ˙2 − 2ψ˙φ˙, (6)
p = −V f − d
a3dt
(
a3ψφ˙
)
, (7)
then we obtain
ρ + p = αV
M4 f
φ˙2 − 2ψ˙φ˙. (8)
As is discussed in Ref. [14], w approaches −1 and then crosses
over it on condition that (i) φ˙ = 0, φ = 0, φ¨ = 0, ddtφ = 0 or (ii)
φ = 0, φ˙ = 0, Y = 0, Y˙ = 0, where Y = (α + β) Vf φ˙ + βφ ddt ( Vf ).
In this Letter, we will reconstruct this model in the light of
three forms of parametrization. Next, in Section 2, we present our
program to reconstruct the model. In Section 3 from three forms
of parametrization of EoS, which ﬁt observational data of the joint
analysis of SNIa+ CMB+ LSS, we reconstruct the model. Finally, in
Section 4, we end with a short summary of our results and some
discussions.
2. Reconstruction program
In this section, we shall perform a reconstruction program of
this model. The aim of this section is to express the physical quan-
tities to be reconstructed in respect of redshift z. So once the form
of parametrization of EoS is given, we can directly work out the
relationships between any two of the physical quantities, including
that of the potential V and the scalar ﬁeld φ, which is what we
expect eventually.
In terms of ψ , we can rewrite
ρ = − βV
2φ
4M4ψ
− αψφ˙
2
βφ
− ψ˙φ˙ − M
4ψ
βφ
= K˜ + V˜ , (9)
ρ + p = −2αψφ˙
2
βφ
− 2ψ˙φ˙ = 2K˜ , (10)
where the effective kinetic energy term K˜ and the effective poten-
tial term V˜ are deﬁned as
K˜ = −αψφ˙
2
βφ
− ψ˙φ˙, (11)
V˜ = − βV
2φ
4M4ψ
− M
4ψ
βφ
. (12)
Therefore, the Friedmann equations in a ﬂat FRW spacetime are
given by
3M2plH
2 = ρm + ρ = ρm + K˜ + V˜ , (13)
2M2pl H˙ = −ρm − ρ − p = −ρm − 2K˜ , (14)
where M2pl ≡ (8πG)−1/2 is the reduced Planck mass, and ρm is the
energy density of dust matter. The EoS of dark energy is
w ≡ p
ρ
= −1+ 2
1+ V˜ /K˜ . (15)
From Eq. (15), it is obviously that w > −1, when V˜
K˜
> −1, while
w < −1, when V˜
K˜
< −1. And when V˜ + K˜ = 0, the transition takes
place.From Eqs. (13) and (14), we can easily get
V˜ = −1
2
ρm + 3M2plH2 + M2pl H˙, (16)
K˜ = −1
2
ρm − M2pl H˙ . (17)
As in our model, the dark energy ﬂuid does not couple to the back-
ground ﬂuid, the expression of the energy density of dust matter
in respect of redshift z is
ρm = 3M2plH20Ωm0(1+ z)3, (18)
where Ωm represent the ratio density parameter of matter ﬂuid
and the subscript “0” indicates the present value of the corre-
sponding quantity. By using the relationship
d
dt
= −H(1+ z) d
dz
, (19)
V˜ and K˜ in respect of z can be expressed as
V˜ (z) = −3
2
M2plH
2
0Ωm0(1+ z)3
− 1
2
M2plH
2
0r
′(1+ z) + 3M2plH20r, (20)
K˜ (z) = −3
2
M2plH
2
0Ωm0(1+ z)3 +
1
2
M2plH
2
0r
′(1+ z) (21)
where
r ≡ H
2
H20
. (22)
In this manner, once the expression of r is given in respect of z,
V˜ (z) and K˜ (z) can be reconstructed from Eq. (20) and (21). And by
using Eq. (11) and (12), K˜ and V˜ can also be expressed in respect
of φ or ψ , on condition that another relationship among φ, ψ and
z is given. And it is not hard for us to get the very relationship
from Eqs. (2), (12), (19) and (22), which is
φ′′rH20(1+ z)2 − 2φ′rH20(1+ z) +
1
2
r′H20(1+ z)2φ′
+ 2M
4
βφ
− α
β
φ′2rH20(1+ z)2 +
V˜
ψ
= 0. (23)
Now it is explicit that the expression of V˜ and K˜ in respect of
z are the same as those in [15]. So the reconstructing procedure
will be similar to that in [15], except that the expression of V˜ in
respect of the ﬁelds φ and ψ will be given by the inverse function
of Eq. (12)
V 2 = −4M
4ψ
βφ
V˜ − 4M
8ψ2
β2φ2
, (24)
and the expression of φ in respect of z is also different from that
in [15]. It will never escape our notice that as V 2 > 0, Eq. (24) may
restrict φ within an interval other than the whole real number
set. Next, in the following section, we will obtain the relationship
between the potential V and the scalar ﬁeld φ in the light of three
parametrizations of w(z)(or r(z), as r(z) and w(z) are related by
Eqs. (28) and (29)).
3. Reconstruction results
As has been discussed above, the two examples considered in
the third section of [15], where parameterizations for r(z) is ﬁt-
ted to the latest 182 SNe Ia Gold dataset [16], are also suitable
for this model. In this Letter, to provide the base for the recon-
struction of the string-inspired quintom model of dark energy, we
will use three forms of parametrization that has been discussed
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been used in [18], and two of which is the very two forms used
in [15]. The ﬁnal results are derived from these three parametriza-
tions.
The three forms of parametrization are investigated uniformly
here, in order that it is convenient for us to compare one with
another. The three forms are
• Parametrization 1:
w(z) = w0 + waz
(1+ z) , (25)
which was suggested by Chevallier and Polarski [19] and Linder
[20], to avoid the divergence problem effectively.
• Parametrization 2:
w(z) = w0 + wbz
(1+ z)2 , (26)
which was suggested by Jassal, Bagla and Padmanabhan [21].
• Parametrization 3:
r(z) = Ωm0(1+ z)3 + A0 + A1(1+ z) + A2(1+ z)2, (27)
which was suggested by Alam et al. [22]. It is an interpolating ﬁt
for r(z) having the right behavior for both small and large red-
shifts.
The similar results for “parametrization 1” and “parametriza-
tion 3” were also independently obtained in Ref. [23] and in
Ref. [24] respectively.
The “parametrization 3” is suﬃciently versatile to accommo-
date a large class of DE models, including quintessence, Chap-
lygin gas, etc. As is discussed in Ref. [24], this ansatz accounts
for a matter dominated regime at high redshift and can emu-
late DE with an evolving EoS of the models which admit w < −1
such as Braneworld models and phantom models. At z → ∞ and
z = 0, the EoS of the parametrization are − 13 and −1 respec-
tively, while those of “parametrization 1” are w0 + w1 and w0,
and those of “parametrization 2” are both w0, which makes these
two parametrizations more ﬂexible to ﬁt the data, especially when
w(z = 0) does not exactly equal −1. The EoS of “parametriza-
tion 2” is just the same at the present epoch as that at high
redshifts, while the EoS of “parametrization 1” is not. Although the
three parametrizations gives different behaviors of EoS in respect
of the redshift, they are all eﬃcient to describe our model.
Using the new measurement of the CMB shift parameter
[25], together with LSS data (the BAO measurement from the
SDSS LRGs) [26] and SNIa data (182 “gold” data released re-
cently) [16], the authors of Ref. [17] constrained the parameters,
whose ﬁt results are summarized as follows: for “parametriza-
tion 1”, Ωm0 = 0.29 ± 0.04, w0 = −1.07+0.33−0.28 and wa = 0.85+0.61−1.38;
for “parametrization 2”, Ωm0 = 0.28+0.04−0.03, w0 = −1.37+0.58−0.57 and
wb = 3.39+3.51−3.93; for “parametrization 3”, Ωm0 = 0.30 ± 0.04, A1 =
−0.48+1.36−1.47 and A2 = 0.25+0.52−0.45.
From Eqs. (13), (14) and (18) we obtain the model-independent
expression of the EoS w and the deceleration parameter q:
w(z) = p
ρ
= (1+ z)r
′ − 3r
3r − 3Ωm0(1+ z)3 , (28)
r(z) = Ωm0(1+ z)3 + (1− Ωm0)exp
(
3
z∫
0
1+ w(z˜)
1+ z˜ dz˜
)
, (29)
q(z) = −1− H˙
H2
= −1− r
′(1+ z)
2r
. (30)
The evolution of w(z) and q(z) are plotted in Figs. 1 and 2 respec-
tively. In Fig. 1 we ﬁnd that all the three forms of parametrizationFig. 1. The evolutions of the EoS in respect of redshift z. The red, yellow and
blue solid line represent parametrization 1, parametrization 2, and parametriza-
tion 3 respectively. The best-ﬁt values of the joint analysis of SNIa + CMB + LSS
[17] is accepted here, namely, for parametrization 1, Ωm0 = 0.29, w0 = −1.07 and
wa = 0.85; for parametrization 2, Ωm0 = 0.28, w0 = −1.37 and wb = 3.39; for
parametrization 3, Ωm0 = 0.30, A1 = −0.48 and A2 = 0.25. (For interpretation of
the references to color in this ﬁgure legend, the reader is referred to the web ver-
sion of this Letter.)
Fig. 2. The evolutions of the deceleration parameter in respect of redshift z. The
red, yellow and blue solid line represent parametrization 1, parametrization 2, and
parametrization 3 respectively. The best-ﬁt values of the joint analysis of SNIa +
CMB + LSS is accepted here. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this Letter.)
require a model that permits EoS to cross cosmological constant
boundary (w = −1). And Fig. 2 tells us our universe is experienc-
ing an accelerating expansion now.
According to Eqs. (20), (21) and the three parametrizations, the
evolutions of K˜ (z) and V˜ (z) are shown in Figs. 3 and 4 respec-
tively. As K˜ (z) and V˜ (z) are not unknown any more, by solving
the differential Eqs. (11) and (23), we get the evolution of φ in re-
spect of z, which is plotted in Fig. 5. Since now that V and φ are
all related to z, we can directly obtain the relationship between
the potential V and the scalar ﬁeld φ, which is plotted in Fig. 6.
Here we notice that some range of φ is forbidden by Eq. (24).
By now, we have completed reconstructing the form of the po-
tential V (φ) of our model on the basis of observational data. The
result also tells us that this model is a viable candidate to describe
the dynamics of dark energy.
4. Conclusions and discussions
As is discussed in the ﬁrst section, we need a model consisted
of two scalar ﬁelds to describe the dynamics of dark energy to
S. Zhang, B. Chen / Physics Letters B 669 (2008) 4–8 7Fig. 3. The reconstructed K˜ in respect of z. The red, yellow and blue solid line
represent parametrization 1, parametrization 2, and parametrization 3 respectively.
The best-ﬁt values of the joint analysis of SNIa + CMB + LSS is accepted here. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this Letter.)
Fig. 4. The reconstructed V˜ in respect of z. The red, yellow and blue solid line
represent parametrization 1, parametrization 2, and parametrization 3 respectively.
The best-ﬁt values of the joint analysis of SNIa + CMB + LSS is accepted here. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this Letter.)
make it possible that EoS may cross the cosmological-boundary
w = −1. However, a general quintom model with double ﬁelds
[27] is not easy to be reconstructed, because there is three physi-
cal quantities to be expressed in respect of redshift z, which is the
potential V , the scalar ﬁelds φ and ψ , while only two equations
are viable, namely Friedmann equations. But for a quintom with
the potential related to only one of the two ﬁelds and has noth-
ing to do with another, such as Hessence proposed in Ref. [28] and
the string-inspired model that we have just discussed, one of the
equations of motion does not contain derivative terms of V with
respect of φ or ψ . So the very equation gives another relationship
among V , φ and ψ . As a result, it is possible for us to reconstruct
such models according to the observational data.
In fact, to some extent, we must confess that the quintom
with a potential related to only one scalar ﬁeld is more or less
a “pseudo quintom”, because we can always represent one ﬁeld
with an expression of another ﬁeld by solving some equations.
Our model and Hessence (see Eq. (12) in Ref. [15]) are both ex-
amples. And in this way, the Lagrangian can be expressed with
just one scalar ﬁeld. As a matter of fact, at the beginning of this
Letter, Eq. (1) does express the Lagrangian with only one ﬁeld. ItFig. 5. The reconstructed scalar ﬁeld φ in respect of z. The red, yellow and blue
solid line represent parametrization 1, parametrization 2, and parametrization 3 re-
spectively. The best-ﬁt values of the joint analysis of SNIa + CMB + LSS is accepted
here. And we set α = β = M = 1, ψ(0) = φ(0) = 1 and φ′(0) = 1. (For interpreta-
tion of the references to color in this ﬁgure legend, the reader is referred to the
web version of this Letter.)
Fig. 6. The reconstructed potential V in respect of φ. The red, yellow and blue solid
line represent parametrization 1, parametrization 2, and parametrization 3 respec-
tively. The best-ﬁt values of the joint analysis of SNIa+ CMB+ LSS is accepted here.
(For interpretation of the references to color in this ﬁgure legend, the reader is re-
ferred to the web version of this Letter.)
is Eq. (4) that deﬁnes a new scalar ﬁeld ψ and make our model
a quintom model, but, at the same time, it gives the relationship
between ψ and φ, which makes the model possible to be recon-
structed. We notice that “no-go” theorem just forbids the dark
energy models with a Lagrangian of form L = L(φ, ∂μ∂μφ) from
crossing w = −1. But Eq. (1) does not belong to this class, for it
has the term β ′φφ in the square root.
Finally, it is possible for a reconstructable quintom model to
be expressed as a model constructed by a single ﬁeld. A string-
inspired quintom has provided a good example. From the analysis
of this Letter, we ﬁnd that the result of the reconstruction is able
to give us the expressions of φ and ψ in respect of z, which result
in ψ = ψ(φ) and so will eliminates one of the ﬁelds in the action.
In this sense, we might say a quintom model that ﬁts the obser-
vational data is equivalent to a model consisted of one scalar ﬁeld
with a Lagrangian other than L = L(φ, ∂μ∂μφ) that allows w to
cross −1.
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